In this paper we study the effect of substituting R ͑rare-earth ion͒ by nonmagnetic ions in the spin-1 chain material R 2 BaNiO 5 . Using a strong-coupling expansion and numerical density-matrix renormalization-group calculations, we show that spin-wave bound states are formed at the impurity site. Experimental consequences of the bound states are pointed out.
The antiferromagnetic Heisenberg spin chain has been a subject of immense interest since Haldane pointed out that the low-energy physics of integer and half integer spin chains are fundamentally different. 1 With advance in both experiments 2, 3 and numerical techniques, 4 the prediction by Haldane is now generally accepted. More recently, a series of experiments on the family of quasi-one-dimensional materials with a general formula R 2 BaNiO 5 , 3, [5] [6] [7] [8] [9] [10] [11] [12] where R is one of magnetic rare-earth elements, substituting fully or partially Y have made it possible to study the effect of a staggered magnetic field on a Sϭ1 spin chain. The compound Y 2 BaNiO 5 is believed to be a good realization of the Sϭ1 Haldane gap system. 3 The Sϭ1 spins are coming from the Ni 2ϩ ions. Other members have additional magnetic ions R 3ϩ (R Y ) positioned between two neighboring Ni chains. The coupling between these ions and Ni 2ϩ ions are weak. Nevertheless, these magnetic ions are antiferromagnetically ordered below certain Néel temperature T N , and the ordering affects the Ni chains by providing them an effective background staggered magnetic field. It is expected that the three modes of the Haldane triplet will be splitted by the staggered field at TϽT N , with the longitudinal mode energy increases roughly twice as fast as the transverse ones with decreasing temperature below T N . [13] [14] [15] [16] These effects were indeed observed in neutron-scattering experiments. [9] [10] [11] In this paper we shall study the effect of replacing R ions by nonmagnetic impurities. In the case of pure Sϭ1 Haldane spin chains, the effect of replacing a spin by a nonmagnetic ion has received much attention because of the theoretical prediction of Sϭ1/2 excitations localized at the ends of broken Sϭ1 spin chains. 17 The existence of end excitations with fractional spin magnitudes are believed to be a general property of Heisenberg spin chains and is a consequence of the topological properties of these systems. 17 However, the effect of substituting R by nonmagnetic impurities is very different. As far as the Ni 2ϩ chain is concerned, the replacement of an R 3ϩ ion by a nonmagnetic impurity just alters the local effective ͑staggered͒ magnetic field seen by the spin chain, and the topological character of the spin chain is unaffected. Therefore topological Sϭ1/2 end excitations are not expected to be induced by the R-ion substitutions. Nevertheless, we shall show in the following that although topological end excitations are not induced by R-ion substitutions, Sϭ1 magnon bound states are formed around the impurity and give rise to observable effects on the system. Our starting point is the effective Hamiltonian for the Ni chain of the R 2 BaNiO 5 family at TϽT N ,
where J is the exchange constant, hϭgS B H s where H s ϳM s is the amplitude of the staggered field, and M s 0 at TϽT N is the sublattice magnetization from the R ions. Replacing an R ion by a nonmagnetic impurity at site iϭ0 generates an effective local magnetic field hЈ. We shall assume a corresponding impurity Hamiltonian
in the following, where hЈϭϪh for a nonmagnetic impurity. We shall consider hЈ as an arbitrary parameter, and study its effect on the spin chain in the following. The Hamiltonian HϭH bulk ϩH im will be studied using two different approaches. In the first approach, we replace H by the corresponding lattice nonlinear-model ͑or coupled-rotor model͒, 18 and we shall study the problem in the strongcoupling limit when the Haldane gap m H is much larger than the coupling between rotors. This approach provides a rather simple physical picture on the effects of staggered magnetic field and impurity on the Haldane chain. The results obtained from the strong-coupling theory is compared with results obtained directly from diagonalizing H with the numerical density-matrix renormalization-group ͑DMRG͒ method. Combining the results from the two methods we believe that our study provides a clear picture on the effect of substituting R by nonmagnetic impurities in the R 2 BaNiO 5 compound. First we consider the coupled-rotor model.
In this treatment the low-energy physics of an integer Heisenberg spin chain in staggered magnetic field h is described by the Hamiltonian 
where n ជ i is a unit vector located at the link between site i Ϫ1 and site i, and L ជ i is the angular momentum operator conjugate to n ជ i . ⌬ and JЈ are parameters to be determined. In the strong-coupling expansion, we assume ⌬ӷJЈ and treat JЈ as a small perturbation. In particular, to study the one-magnon excitations, we shall only keep the lϭ0,1 states (l's are eigenstates of angular momentum operator L ជ •L ជ ) and shall diagonalize the Hamiltonian H rot approximately in this subspace. We shall neglect renormalization of ground state by two magnon processes in our theory. First we consider the limit when hϭ0.
After some straightforward algebra, we obtain the effective Hamiltonian in the lϭ0,1 subspace,
where we have set បϭ1.
ϩ (a m ) are raising and lowering operators with matrix elements ͗1m͉a m ϩ ͉00͘ϭ͗00͉a m ͉1m͘ϭ1, and with all other matrix elements equal to zero. ͉lm͘ are the angular momentum eigenstates. The one-magnon eigenstates of Eq. ͑3͒ are triplets (lϭ1,mϭ0,Ϯ1) with energy spectrum ⑀ k ϭ2͓⌬ Ϫ(JЈ/3)cos(k)͔, and with Haldane gap m H ϭ2(⌬ϪJЈ/3).
We now consider the staggered magnetic field h. First we consider the effects of an effective staggered magnetic field h e f f on a single rotor. The term h e f f n z couples the ͉00͘ and ͉10͘ states and the new eigenstates of a single rotor in the lϭ0,1 subspace are ͉G͘ϭ␤͉1,0͘ϩ␣͉0,0͘, ͉0͘ϭϪ␣͉1,0͘ϩ␤͉0,0͘, ͉1͘ϭ͉1,1͘, ͉Ϫ1͘ϭ͉1,Ϫ1͘, ͑4͒
where ͉G͘ is the new ground state, and ͉m͘(mϭ0,Ϯ1) are the new excited states with l z ϭm. The coefficients ␣ and ␤ are given by
where ␥(h e f f )ϭͱ(1ϩh e f f 2 /3⌬ 2 ) and with corresponding eigenenergies E G ϭ⌬͓1Ϫ␥(h e f f )͔, E 0 ϪE G ϭ2⌬␥(h e f f ), and E Ϯ1 ϪE G ϭ⌬͓1ϩ␥(h e f f )͔. Notice that the energies of the longitudinal (mϭ0) and transverse (mϭϮ1) magnon modes are splitted by h e f f . The staggered magnetic field also induced a nonzero ground-state expectation value of staggered magnetization, ͗n z ͘ϭ͗G͉n z ͉G͘ϭ(2/ͱ3)␣␤. To proceed further we replace the rotor Hamiltonian ͑2͒ by a meanfield rotor Hamiltonian,
where n ជ i ϭ͗n z ͘ϩn ជ i Ј and h e f f ϭhϩ2JЈ͗n z ͘. Treating the JЈn ជ i Ј•n ជ iϩ1 Ј term as perturbation in the lϭ0,1 subspace as before, we obtain after some straightforward algebra the mean-field equation
which determines h e f f for given h, and with corresponding eigenvalue spectrum for the one magnon states,
for the transverse (mϭϮ1) and longitudinal (mϭ0) 
As a result, the effective staggered magnetic field acting on the spin chain becomes position dependent, with h(i)ϭh for i 0,1, and h(i)ϭ(hϩhЈ)/2 for iϭ0,1. Applying a meanfield analysis as before, we obtain new mean-field equations for every site i in the rotor model,
which can be solved numerically. In addition, the ͓(hЈ Ϫh)/2͔L z terms in Eq. ͑10͒ gives rise to a shift in the energies of the ͉mϭϮ1͘ states in the local rotors at sites i ϭ0,1 with E Ϯ1 ϪE G ϭ⌬͕1ϩ␥͓h e f f (i)͔͖ϯ(hЈϪh)/2ͱ3.
The effects of impurity magnetic field on the one magnon spectrum can be understood quite easily. The mean-field Eqs. ͑10͒ produce effective staggered magnetic field h e f f (i)'s smaller than h ͑assuming hЈϳϪh) within a region of distance ϳ around the impurity perturbed sites iϭ0,1, where is the spin-spin correlation length. As a result, the local magnitude of Haldane gap is reduced ͓see Eq. ͑8͔͒ in both the longitudinal and transverse channels and induces an attractive potential well of depth ϳ⌬m H (m) and range ϳ for the one magnon states. As a result, bound states of magnon are formed around the impurity. The effective potential well formed around the impurity is stronger in the longitudinal channel than the transverse channel as the effect of h e f f on the Haldane gap is about two times larger in the longitudinal channel. Moreover, the energies of the mϭϪ1 magnon states become lower than the mϭ1 states because of the additional Ϫ͓(hЈϪh)/2͔L z coupling in H rot (im) . In Fig. 1 we show the low-energy spectrum obtained in our theory with ⌬ϭ1, JЈϭ1.47, hϭ0.2 as a function of hЈ. Notice that in the presence of single impurity, the translational symmetry of the Hamiltonian is broken and the only symmetry left is the reflection symmetry upon the impurity site. As a result, the low-energy one magnon spectrum of the system can be divided into six sectors labeled by (S tot z )
is the z component of total spin, and ϩ or Ϫ denotes the parity of the wave functions. We see from the energy spectrum that spin-wave bound state develops when hЈ Ͻ0.2, and there is roughly one bound state ͑except the Ϫ1 ϩ magnons at intermediate value of hЈ) per sector. To test our theory and to get more quantitative predictions of the impurity effect we also carry out explicit DMRG calculations for the low-energy spectrum of Hamiltonian H ϭH bulk ϩH im . We use the standard DMRG algorithm 19, 20 by targeting four states and keeping 400 optimal states, and have studied chains with length up to Lϭ100. We have fixed hϭ0.2(J) in our calculation, which seems to be an appropriate value for the R 2 BaNiO 5 chains. 15 The value of hЈ is varied to study the effect of impurity on the low-energy spectrum. The numerical results of the low-energy magnon spectrum in the six (S tot z ) parity sectors are shown in Fig. 2 . Our results show that in the four sectors 1 ϩ , 1 Ϫ , (Ϫ1) Ϫ , (Ϫ1) ϩ corresponding to the transverse modes, one bound state is induced in each sector when hЈϽ0.2, in agreement with our mean-field theory. The behavior of the boundstate energy as a function of hЈ is also qualitatively similar to those obtained in mean-field theory. In the 0 ϩ and 0 Ϫ sectors which correspond to longitudinal modes, the situation is more complicated. We find that more than one bound states emerge inside the Haldane gap in contrast to mean-field theory. Notice that although the number of bound states differs, the qualitative behavior of the lowest bound-state energies as a function of hЈ in the 0 ϩ and 0 Ϫ sectors are qualitatively similar to mean-field results.
The reason why there exists only one bound state in mean-field theory can be understood quite easily. Our mean -FIG. 3 . The chain length dependence of the lowest nine energy levels for 0 ϩ sector for hϭ0.2 and hЈϭϪ1.0; the dotted line is the gap value at the thermodynamical limit. field theory is valid only when m H Ͼ2JЈ/3, corresponding to correlation length ϳ1 lattice site whereas ϳ6 lattice sites in real spin-one chains. The size of the effective attractive potential well is of order ϳ2 lattice sites in our theory, which is much smaller than the size of the effective attractive potential well (ϳ12 lattice sites͒ in real spin-one chains. It is therefore not surprising that the number of bound states in real spin-one chains is larger than one per sector but there exists only one bound state per sector in our mean-field theory.
To determine the number of the bound states in the longitudinal sectors, we carried out a more detailed calculation for 0 ϩ sector by targeting ten states and keeping 800 optimal states for hЈϭϪ1.0 and hϭ0.2, the chain length dependence of these states are shown in Fig. 3 . We see from the figure that as the length of the chain increases, more in-gap bound states are formed. In fact, it is difficult to determine from our numerical result the exact number of bound states in this sector.
In Ϫ sectors are bulk states. The bound states can be observed in neutron-scattering experiments on high quality crystals as an effective reduction of Haldane gap by ϳ10% at TϽT N when nonmagnetic impurities are introduced. They also show up as extra spectral weights with energy ϳ0.9m H in dynamic structure factor S(q,) at wave vectors q away from .
In summary, we have studied the effect of substituting R ͑rare-earth ion͒ by nonmagnetic ions in the spin-one chain material R 2 BaNiO 5 . We find in numerical DMRG calculation that magnon bound states appear at the impurity site. The bound states can be qualitatively understood by a meanfield strong-coupling expansion treatment of the spin chain and can be observed in neutron scattering experiments.
